Proposing a general formulism in terms of local coordinates representing the tilting of the ligands' octahedra, we evaluate the electric polarization in a chain of transition metal ions with unpolar octahedron rotation. We find the orbital ordering produced by the ligands's rotation and the spin order, together, determines the polarization features, manifesting that nonvannishing polarization appears in collinear spin order and the direction of polarization is no more restricted in the plane of spin rotation in cycloidal ordering. PACS numbers: 75.85.+t, 75.10.Pq, 75.30.Gw, Multiferroics refers to materials in which the spontaneous ferroelectricity and magnetism coexist, which makes it possible to control magnetization through electric field or vice versa [1] [2] [3] [4] [5] [6] . Since the discovery of spindriven multiferroics TbMnO 3 [7] and TbMn 2 O 5 [8], it has absorbed more and more attentions. In spiral magnetic insulator, a spin-current mechanism [9] which is also referred as "inverse Dzyaloshinskii-Moriya (DM) interaction" [10, 11] predicts that the electric polarization is closely related to the vector spin chirality. This mechanism fulfills in spiral multiferroics for systems with high symmetry. Moreover in collinear spin order system the ferroelectricity is induced by inverse GoodenoughKanamori mechanism where the exchange interaction is responsible for the presence of ferroelectricity in Ising chain magnet [12] and E-type spin order [13] [14] [15] . However in E-type materials, the magnitude of electric polarization measured in experiments [16, 17] is about two order of magnitude smaller than some other theoretical predictions [13] [14] [15] .
Multiferroics refers to materials in which the spontaneous ferroelectricity and magnetism coexist, which makes it possible to control magnetization through electric field or vice versa [1] [2] [3] [4] [5] [6] . Since the discovery of spindriven multiferroics TbMnO 3 [7] and TbMn 2 O 5 [8] , it has absorbed more and more attentions. In spiral magnetic insulator, a spin-current mechanism [9] which is also referred as "inverse Dzyaloshinskii-Moriya (DM) interaction" [10, 11] predicts that the electric polarization is closely related to the vector spin chirality. This mechanism fulfills in spiral multiferroics for systems with high symmetry. Moreover in collinear spin order system the ferroelectricity is induced by inverse GoodenoughKanamori mechanism where the exchange interaction is responsible for the presence of ferroelectricity in Ising chain magnet [12] and E-type spin order [13] [14] [15] . However in E-type materials, the magnitude of electric polarization measured in experiments [16, 17] is about two order of magnitude smaller than some other theoretical predictions [13] [14] [15] .
We notice in orthorhombic(o) o-RMnO 3 (R = Ho, Er, Tm, Yb, and Lu) with E-type spin order that the tilting of the ligands' octahedra of transition metal ions always takes place. In recently found ferroaxials [18] [19] [20] , both the spin order and special crystal structure are responsible for the inversion symmetry broken. In CaMn 7 O 12 "propeller-like" structure for which the tilted ligands' octahedra take shape, the axial vector due to the relative rotation between nearby octahedra (we simply call octahedron rotation hereafter) is essential in the inversion symmetry breaking [21] . There has been a phenomenological explanation [19, 21] for the relationships between the electric polarization and the axial vector as well as spin orders, but there is not yet a microscopic mechanism to clarify the role that such an octahedron rotation plays in conventional spin-driven multiferroics. It is therefore obligatory, from a microscopic point of view, to elucidate the effect of octahedron rotation on spin induced ferroelectricity.
In this letter we investigate how does an occurrence of the unpolar octahedron rotation affect the final electric polarization in a class of multiferroics. Starting from microscopic model, we derive an explicit dependence of the electric polarization on the spin order and the configurations of octahedron rotation, then discuss the special features by comparing with the case without the rotation.
To constitute a much more general model, we consider a system consisting of transition metal ions placed in a one dimensional lattice space L M . Their bonds are bridged through an oxygen atom in between the ions. Let L O denote the lattice space where oxygen atoms are placed. The present model is actually defined on a bundle [22] , a mathematical concept that we describe in the following. In a bipartite lattice L = L M L O , each lattice point of L M is attached with a fibre F d and that of L O is attached with a fibre F p where F d and F p stand for the Hilbert space of d electrons and p electrons respectively. The structure group G that connects the nearby fibres is the rotation group. Then we are in the position to set up a much more generalized Hamiltonian
with (1) is taken over the lattice sites that transitional metal ions are placed. According to octahedral symmetry, the d orbitals of every metal ions are expressed in the local octahedral basis. Thus we introduce local coordinates for every transition metal ion. Precisely, the above H and its neighboring oxygen atoms (small balls, i.e., a left one and a right one, they are denoted, respectively, byp and p in the Hamiltonian of this paper for notation convenience). One can see, the right oxygen atom in U (i) is simultaneously the left one in the next neighborhood U (i+1) . This overlapping in description naturally defines a metric. The rotation angle α specifies the relation between the global coordinate frame (x, y, z) and a local frame (specified with a superscript i and i + 1) that is the same for both d and p states in the same neighborhood. One needs a nontrivial bundle description in mathematical modeling in the presence of octahedron rotation in the material.
. We emphasis that the quantization axis of spin is taken to be the z-axis of local frame rather than the global frame. The coordinate frame for wavefunction is locally defined on each neighborhood U (i) , which changes from neighborhood to neighborhood.
In order to visualize the relation between electric polarization and spin order, we need a final expression in terms of a global coordinate frame, saying r = (x, y, z). Hereafter, polarization means electric polarization for simplicity. Suppose the local coordinate in the neighborhood U (i) is related to the global coordinate through a rotation
T (the superscript "T " means transpose of matrix, and R(α) is the fundamental representation of rotation group), the spin states expressed in local frame and global frame are connected through the spinor representation of rotation group, which we denote by R s (α). As illustrated in Fig. 1 , the p-states in the oxygen site between M i and M i+1 can be expressed in terms of either the local frame of the neighborhood U (i) or that of the neighborhood U (i+1) . These two expressions give us a metric
which will appear in the formula of 2nd order perturbation theory. This metric matrix is given by R(
We are interested in the case that the local coordinate in the neighborhood U (i) is related to the global coordinate through a rotation of α i around the x-axis, then we have R(α) = e αˆ x where the generatorˆ x is a 3 by 3 matrix whose nonvanishing elements are (ˆ x ) 23 = −(ˆ x ) 32 = 1, and R s (α) = e i α 2σ x withσ x denoting the Pauli matrix. For simplicity, the direction e i,i+1 that represents the chain direction of transition metal ions is chosen as xaxis. The metric G kσ,k σ (α i,i+1 ) is characterized by the relative rotation angle α i,i+1 = α i+1 − α i between the nearest neighbors. For the octahedral symmetry in F d , the rotation with a special angle like π/2 or its multiplier is equivalent to the case without rotation. So the twisting that causes nontrivial rotation is parameterized by −π/4 < α i,i+1 < π/4.
To obtain the electric polarization we need to know the orbital components of the ground state. The second part of Eq. (1) describes the d electron of spin S i coupling with the local magnetic moment along the direction e i = (sin θ i cos φ i , sin θ i sin φ i , cos θ i ). Here we use prime to emphasis that the coordinate parameters are defined with respect to the local coordinate frame. Like in Ref. [9] , we consider the case that the strength of spin-orbit coupling is the largest energy scale of the system. Then the first part of Eq. (1) can be applied as a perturbation in the Hilbert subspace for the ground states of the second one. Diagonalizing the −U e i · S i term, one obtain
where | a
zx,↑ )/ √ 3 are the Γ 7 doublet defined in the local coordinate of the neighborhood U (i) . Since P i | σ | P i = e i and P i | σ |P i = −e i , | P i and |P i are called parallel and anti-parallel states respectively. The eigenenergy of |P i and | P i are U/3 and −U/3 respectively. For convenience in calculation, one can abbreviate the aforementioned parallel state as
ν,σ with the corresponding coefficients:
In the second order perturbation for the degenerate ground states | P i and | P i+1 , only the terms H are of relevance because they describe hopping to or from the oxygen atom in between M i and M i+1 . From the secular equation
for the 2 by 2 matrix 
Then we have two eigenkets
where a = I, II label the two lowest energy states. Those coefficients in Eq. (5) 
in Eq. (5) are expressed in terms of local coordinates. In the presence of octahedron rotation, the orbital state implied in | P i differs in different site i, which is illustrated in Fig. 3 . Thus the orbitals at each site of transition metal are no more uniformly ordered along the chain. Such an orbital ordering is characterized by the twisting angle α i,i+1 along x-axis. Only for either parallel or antiparallel spin orders meanwhile α i,i+1 = 0, the state (5) becomes an eigenstate of the operator of inversion transformation. If α i,i+1 = 0, however, the inversion symmetry is still broken even for collinear spin orders, and hence nonvanishing polarization is expected to appear then. Now we are in the position to evaluate the induced polarization. The overlapping integrals of d and p orbitals contributed in the calculation of the expectation value for er are [9] ,
where
The same is true for y → z, z → y in the above. Let us discuss the polarization for the cases of one hole as well as two holes in the one-electron picture. In the one hole case, we have the hole in the lowest energy state, | Ψ I i . The polarization is given by
If there are two holes that will occupy the two lowest states respectively, the polarization is defined as
. Consequently, we have
where λ = λ 0 cos(α i,i+1 ). Here λ 0 = 1 3 eAV /(∆|b|) and λ 0 = − 4 9 eA(V /∆) 3 for one hole and two holes, respectively. Note that e −αi,i+1ˆ x e i × e αi,i+1ˆ x e i+1 in Eq. (7) is happened to be the spin current for a tilt Heisenberg superexchange model [23] .
We can perceive several features from Eq. (7). It is no more the spin chirality itself [9, 24] but the spin order together with the orbital ordering that determine the direction of polarization. Additionally, the twisting angle modulates the magnitude of polarization via cos (α i,i+1 ), thus the order of magnitude of ferroelectricity keeps unchanged compared with Ref. [9] . Clearly, the above formula (7) reduces to the result of Ref. [9] for an uniform orbital ordering (i.e., in the absence of octahedron rotation). In the following we discuss the application of Eq. (7) to various spin orders. Nonvanishing polarization appearing in collinear orders: Let us consider a ferromagnetic order, i.e., parallel spin aligning along the direction (cos ϑ, sin ϑ cos ϕ, sin ϑ sin ϕ) where ϑ denotes the zenith angle from the positive x-axis and ϕ denotes the azimuthal angle in the y-z plane from the y-axis as shown in Fig. 2(a) . Equation (7) gives rise to
that implies the appearance of nonvanishing polarization P i for the parallel spin order. For the case of antiparallel neighboring spins, the polarization P i in Eq. (7) will have an opposite sign. Actually, as we can see from the above equation that the P i is perpendicular to the spin direction as well as e i,i+1 which is also demonstrated in Fig. 2(a) . Our formula also manifests that the induced polarization P i in collinear case is in the same order of magnitude with that for the spiral insulators [9] . Thus the combination of collinear spin order and non-uniform orbital ordering due to octahedron rotation (see Fig. 3 ) will break the inversion symmetry. We notice that in o-RMnO 3 with E-type spin order the P i is also perpendicular to the spin direction [13] [14] [15] [16] [17] .
(a)
(Color online) Depiction of the spin order (yellow arrows), orbital ordering (dxz) in the presence of octahedron rotation along x-axis and the resulting total polarization (green arrow). For collinear spin order, the total polarization P turns to appear in the present of octahedron rotation (a) though it is known [9] to vanish in the absence of octahedron rotation (b). Here the non-uniform orbital ordering produced by octahedron rotation (a) plays an important role.
Out-of-plane tilting of the polarization existing in cycloidal magnetic order: We consider the cycloidal magnetic order Fig. 2(b) , namely, e i = (cos ϑ i , sin ϑ i , 0). Here the spin lies in the x-y plane and ϑ i denotes the angle between x-axis and the spin on the ith site. Equation (7) becomes
If there are no octahedron rotation, i.e., α i,i+1 = 0, the above polarization formula reduces to the one of Ref. [9] , which means the polarization is just along yaxis. Whereas, in the presence of octahedron rotation α i,i+1 = 0, Eq. (9) tells us that there will be nonzero z-component in the induced polarization, which is shown in Fig. 2(b) . In Cu 3 Nb 2 O 8 [18] the polarization is nearly 14
• to the z-axis, which can be interpreted by our result (9) that implies the polarization is not restricted in the plane of spin rotation. There are two kinds of local crystal field on Cu from neighboring O that are CuO 4 squareplane and square-pyramid. These two local crystal fields play an important role in the presence of out-of-plane polarization.
Variations in conical magnetic orders: Let us discuss the transverse and longitudinal conical order respectively.
(i) For transverse conical order that is expressed as e T i = (sin γ cos ψ i , cos γ, sin γ sin ψ i ) where ψ i denotes the azimuthal angle and γ the polar angle with respect to the generatrix paralleling to the y-axis, the polarization we obtained is given by i+1 ) ) where ψ i,i+1 = ψ i+1 −ψ i . Here we need to figure out that the total polarization P has y-component, which is shown in Fig. 2(c). (ii) For the longitudinal conical order which is expressed as e L i = (cos ϑ, sin ϑ sin ϕ i , sin ϑ cos ϕ i ) where ϕ i denotes the azimuthal angle and ϑ the polar angle with respect to x-axis as the conical generatrix. The polarization for the longitudinal conical order is given by P L i ∝ 1 2 sin 2ϑ cos (α i,i+1 ) (0, sin(α i,i+1 + ϕ i ) − sin(−α i,i+1 + ϕ i+1 ), cos(α i,i+1 + ϕ i ) − cos(−α i,i+1 + ϕ i+1 )). The total polarization P is not zero unless one consider the uniform case [9] of α i,i+1 = 0, which is shown in Fig. 2(d) . Clearly, when ϑ = π/2 the longitudinal conical order turns to be the screw order, e i = (0, cos ϕ i , sin ϕ i ) and the polarization vanishes then. We predict that the polarization will be in the y-z plane for both longitudinal and transverse conical spin orders as long as there is an octahedron rotation along magnetic propagation x-axis.
In summary, we proposed a microscopic formulism in terms of local coordinates to calculate the electric polarization for a class of multiferroics in which the neighboring ligands' octahedra twist. We obtained an explicit expression in which both the spin order and the orbital ordering produced by the octahedron rotation determine the appearance of polarization. This is due to the spin order and the orbital ordering, together, break the inversion symmetry. We find that the nonvannishing polarization appears in collinear spin order and it is in the same order of magnitude as in spiral insulator. In some special lattice structure, we find that the electric polarization in collinear case can be in the same order of magnitude with the spiral multiferroics, and it is no more restricted in the plane of spin rotation in cycloidal case.
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